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NONCOHERENCE OF SOME RINGS OF HOLOMORPHIC
FUNCTIONS IN SEVERAL VARIABLES AS AN EASY
CONSEQUENCE OF THE ONE-VARIABLE CASE
RAYMOND MORTINI AND AMOL SASANE
Abstract. Using the facts that the disk algebra and theWiener algebra
are not coherent, we prove that the polydisc algebra, the ball algebra
and the Wiener algebra of the polydisc are not coherent.
1. Introduction
Let us recall the notion of a coherent ring.
Definition 1.1. A unital commutative ring R is said to be coherent if the
intersection of any two finitely generated ideals in R is finitely generated,
and for every a ∈ R, the annihilator Ann(a) := {x ∈ R : ax = 0} is finitely
generated.
We refer the reader to the article [2] for the relevance of the property of
coherence in commutative algebra. We are mainly interested in the question
of coherence of an important nonuniform algebra of holomorphic functions in
several variables, namely the Wiener algebra of the polydisc, defined below.
Definition 1.2. Let D := {z ∈ C : |z| < 1} and D := {z ∈ C : |z| ≤ 1}. Let
n ∈ N. The Wiener algebra W+(Dn) is the Banach algebra defined by
W+(D
n
)=


∞∑
k1=0
· · ·
∞∑
kn=0
a(k1,··· ,kn)z
k1
1 · · · zknn :
∞∑
k1=0
· · ·
∞∑
kn=0
|a(k1,··· ,kn)| <∞

 ,
with pointwise addition and multiplication, and the ‖ · ‖1-norm given by
‖f‖1 =
∞∑
k1=0
· · ·
∞∑
kn=0
|a(k1,··· ,kn)|, f =
∞∑
k1=0
· · ·
∞∑
kn=0
a(k1,··· ,kn)z
k1
1 · · · zknn .
The polydisc algebra A(D
n
) is the Banach algebra of all continuous functions
f : D
n → C which are holomorphic in Dn, with pointwise addition and
multiplication, and the supremum norm ‖ · ‖∞ given by
‖f‖∞ := sup
(z1,··· ,zn)∈Dn
|f(z1, · · · , zn)|, f ∈ A(Dn).
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The ball algebra A(Bn) is defined similarly, with the polydisc D
n
replaced
by the ball Bn := {(z1 · · · , zn) ∈ Cn : |z1|2 + · · ·+ |zn|2 ≤ 1}.
McVoy and Rubel [5] showed that the disc algebra A(D) is not coherent,
but the question of coherence of the Wiener algebra was left open there. This
was answered in [6], where it was shown that the Wiener algebra W+(D)
is not coherent. Using this, we extend that result to the Wiener algebra
of the polydisc (which is new), and en route give simplified proofs of the
noncoherence of the polydisc algebra and the ball algebra (as opposed to
the rather technical proofs given in [1] and [3]).
That the disc algebra is not coherent, can also be shown in a much easier
way than in [5]. Let I = (1 − z) and J = (1 − z)S(z) where S is given
by S(z) = exp(−(1 + z)/(1 − z)). Then I ∩ J = (1 − z)S(z)M(1), where
M(1) is the maximal ideal of all those functions in A(D) that vanish at 1.
Since M(1) = M(1)M(1) (just use that f = ϕF = (ϕ
√
F )
√
F , where ϕF
is the inner-outer factorization of f), M(1) cannot be finitely generated by
Nakayama’s Lemma [4, Theorem 76].
We also mention that the Wiener algebra W+(D
n
) arises naturally in
Control Theory as a class of stable transfer functions of discrete multidi-
mensional systems, namely those linear time-invariant systems which, for
all 1 ≤ p ≤ +∞, map inputs in ℓp(Nn) to outputs in ℓp(Nn). Noncoherence
of the ring W+(D
n
) then has consequences in the stabilization problem via
the factorization approach; see [7].
2. Coherence by reducing the number of variables
Our main result is the following:
Observation 2.1. Let Rn be the class of all commutative unital subrings
of CD
n
or of CBn under the usual pointwise operations. For Rn ∈ Rn and
f ∈ Rn, set (Df)(z1) := f(z1, 0, · · · , 0) and DRn := {Df : f ∈ Rn}. For
f ∈ DRn, define Uf by (Uf)(z1, · · · , zn) := f(z1). If for all f ∈ Rn,
UDf ∈ Rn, then the coherence of Rn ∈ Rn implies the coherence of the ring
DRn.
(The notation D,U is chosen so as to indicate going down, respectively
up, in the number of variables. It is clear that for f ∈ DRn, DUf = f .)
Proof. Let I and J be two finitely generated ideals inDRn. Let In and Jn be
the ideals in Rn generated by the functions Ufk (k = 1, · · · ,K), respectively
Ugℓ (ℓ = 1, · · · , L), where the f1, · · · , fK , respectively g1, · · · , gL, are the
generators for I and J . The coherence of Rn implies that In ∩ Jn is finitely
generated. Let {p1, · · · , pM} be a set of generators for the ideal In ∩ Jn
in Rn. Then {Dp1, · · · ,DpM} is a set of generators for I ∩ J . Indeed, if
f ∈ I ∩ J , then in particular, f ∈ I = (f1, · · · , fK), so that there exist
α1, · · · , αK ∈ DRn such that f = α1f1 + · · · + αKfK . Hence
Uf = (Uα1)(Uf1) + · · ·+ (UαK)(UfK) ∈ (Uf1, · · · , UfK) = In.
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Similarly, we see that Uf ∈ Jn too. Hence Uf ∈ In ∩ Jn = (p1, · · · , pM ),
and so there exist γ1, · · · , γM ∈ Rn such that Uf = γ1p1 + · · · + γMpM .
Consequently,
f = DUf = (Dγ1)(Dp1) + · · ·+ (DγM )(DpM ) ∈ (Dp1, · · · ,DpM ),
and so I∩J ⊂ (Dp1, · · · ,DpM ). Vice versa, for any m = 1, · · · ,M , pm ∈ In,
in particular, pm ∈ In = (Uf1, · · · , UfK). So there exist θ1, · · · , θK ∈ Rn
such that pm = θ1(Uf1) + · · ·+ θK(UfK). Hence
Dpm = (Dθ1)(DUf1) + · · · + (DθK)(DUfK)
= (Dθ1)f1 + · · ·+ (DθK)fK ∈ (f1, · · · , fK) = I.
Similarly each Dpm also belongs to J . Hence {Dp1, · · · ,DpM} ⊂ I ∩J , and
so the ideal (Dp1, · · · ,DpM ) ⊂ I ∩ J too. It remains to verify the condition
on the annihilators.
Let f ∈ DRn, and suppose that g ∈ DRn is such that fg = 0. Then
Ug ∈ Ann(Uf). If h1, · · · , hr are generators for Ann(Uf) in Rn, then
Dh1, · · · ,Dhr will be generators for Ann(f) in DRn. Hence DRn is co-
herent. 
In light of this result, and the facts that W+(D) and A(D) are not coher-
ent, we obtain the following consequences:
Corollary 2.2. For all n ≥ 1, W+(Dn), A(Dn) and A(Bn) are not coherent.
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